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Purchasing power parity (PPP) continues to be a major subject of applied economic research.
Results of empirical studies, however, have been very heterogeneous (see, for example, Taylor and Taylor, 2004) . From broad acceptance in the 1970s to firm rejection in the 1980s, PPP has generally been cautiously accepted more recently (Taylor, 2006) . These developments are, in part, due to contemporaneous developments in econometric theory. Another important factor throughout this period has been the changing monetary landscape, from Bretton-Woods to the
European Monetary System (EMS) and eventual European Monetary Union (EMU).
Early investigations of PPP usually took one of two approaches, examining either the comovement of price indices or the behaviour of the real exchange rate, with a particular emphasis on the long run (see, for example, Sarno and Taylor, 2002) . The perceived difficulties with these approaches, which frequently employed cointegration techniques, were generally attributed to the low power of unit root tests. Efforts to overcome these difficulties focused on obtaining longspan data series, using alternative testing procedures and panel data approaches (see, for example, Papell, 2006) . However, two new approaches have grown in importance, focusing on the persistence in the real exchange rate and the possibility of nonlinearity. Persistence may be due to aggregation bias in the data and nonlinearity may arise from asymmetric adjustment to PPP (Rogoff, 1996) .
Several studies have placed PPP in the fractional (co)integration framework or used long memory models (see, for example, Villeneuve and Handa, 2006) . The most commonly used nonlinear technique has been smooth transition autoregression (Schnatz, 2006) . Although this approach may be appealing theoretically, it tests the null of linearity against just one nonlinear specification, thereby disregarding any other form of nonlinearity; a more general approach may be better. Also, these approaches have usually been considered in isolation, although it is clear from the econometrics literature that nonstationarity, be it fractional or otherwise, and nonlinearity are closely related.
This paper aims to model the nominal and real exchange rates for Ireland relative to Germany and the United Kingdom (UK) from 1975 to 2003, with a particular emphasis on persistence and nonlinearity. Adopting an approach similar to Johansen and Juselius (1992) , the paper initially F o r P e e r R e v i e w 3 explores PPP in a cointegration framework. The possibilities of both persistent deviation from PPP and nonlinearity are then considered. Two approaches, which have yet to be employed in this area and which have the potential to overcome some of the difficulties encountered in previous studies, are introduced. The first, the fractional augmented Dickey-Fuller test, examines the hypothesis of fractional integration against that of integer integration, and may help distinguish between stationary, nonstationary and long memory processes. The second, random field regression, offers a new approach to testing for nonlinearity and specifying nonlinear models. Importantly, this technique assumes no prior knowledge of the likely form of nonlinearity.
The structure of the paper is as follows. Section 2 provides relevant background material, sketching the theory of PPP, the results of previous studies using Irish data and a brief history of important monetary developments. Section 3 describes the data and precise methodology used, and presents and discusses the results. Finally, Section 4 concludes.
Purchasing Power Parity
A simple statement of the purchasing power parity hypothesis is that national price levels should be equal when expressed in a common currency. 
where t ε is white noise. Early studies were concerned with whether the estimated values of the parameters of various versions of (2) were as predicted (see, for example, MacDonald and Taylor, 1992) . As awareness of time series dynamics increased, the issue changed to whether (2) is a cointegrating regression. Wright (1994) takes such an approach with Irish data, using the Johansen (1988) approach to cointegration.
The emphasis subsequently shifted to considering directly the behaviour of { } 1 T t t q = , the sequence of real exchange rate values. Within the I(1)/I(0) framework, most initial studies failed to reject the hypothesis that real exchange rates were I(1) for periods of flexible exchange rates, which implies a lack of mean reversion and undermines the PPP hypothesis. The explanation often given for this non-rejection is the recognised low power of traditional unit root tests, such as the standard Dickey-Fuller (1981) test. To overcome this problem, two general approaches were adopted. First, the construction and use of long series of exchange rate data and more powerful asymptotic tests (see, for example, Taylor, 2002) . Secondly, the estimation of the halflife of the mean reversion of the real exchange rate, using panel data (Cashin and McDermott, 2004) . There is, though, another possibility that is receiving increasing attention, and this is described in the following subsection.
Nonlinearity and purchasing power parity
Among the various alternative approaches to modelling PPP relationships that have been put forward, much recent interest has focused on nonlinearity. Taylor (2006) details three of the most commonly cited sources of potential nonlinearity in PPP. The first relates to the underlying assumption that transport costs, tariffs and other barriers to trade are negligible or non-existent. If this assumption is false, these costs may cause frictions in the markets for goods and services.
2 Taylor (1995) provides an excellent survey of the literature.
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The second source of nonlinearity in PPP, originally proposed by Kilian and Taylor (2003) , may arise from the interaction of heterogeneous agents in the foreign exchange market. When the exchange rate is close to its PPP equilibrium level, agents would hold a diverse range of views regarding its (mis)alignment; but as the exchange rate deviates further from its equilibrium level, views regarding future movements converge.
The third possible source of nonlinearity, proposed by Taylor (2001) and Taylor (2004) , relates to official intervention in the foreign exchange market. If misalignments in the equilibrium level of exchange rates are viewed as being due to problems of co-ordination between traders and monetary authorities, official intervention may be required to correct the misalignment. This view is supported empirically by Taylor (2004 Taylor ( , 2005 and more recently by Reitz and Taylor (2008) .
The persistence of deviations from PPP has been a source of much study. While these deviations may result from nonlinearities such as those induced by the factors just described, there is a further possibility. Persistent deviations from PPP may be due to long memory processes generating the data and these in turn may arise from data aggregation (Granger, 1980) . Taylor (2006) discusses the role of aggregation bias in the PPP 'puzzle', but fails to make the link between the aggregation of data and fractional integration. Imbs et al. (2005) find that this bias may be more significant for data which excludes the non-traded sector, but that the bias may be overcome by using nonlinear models.
The Irish experience
Testing PPP for Ireland has produced varying results. In some cases, PPP could not be accepted, whereas in others it could not be rejected. Bradley (1977) found evidence in favour of short-run and long-run PPP, using pre-EMS data for Ireland and the UK. Thom (1989) also found some support for PPP using data for Ireland relative to Germany and the United States. However, Callan and Fitzgerald (1989) rejected PPP for Irish, German and UK data. While rejection of PPP was common, particularly when data from the EMS period was used, non-rejection seemed most common when either alternative price indices were used or other variables were included in the model. For instance, Wright (1994) From 1987 to 1992, the Irish pound was stable against the Deutsche-Mark. This period was notable, as the UK joined the EMS in 1989 and Germany re-unified in 1990. These events were followed by a period of sustained pressure on the Irish pound within the EMS, culminating in another devaluation in January 1993. This followed Sterling's devaluation in September 1992 and ultimate exit from the system shortly after. This period of 'crises' for the EMS resulted in a widening of the currency fluctuation bands. The penultimate step towards monetary union was taken in 1996, in the form of the new exchange rate mechanism. Both Thom (1989) and Honohan and Leddin (2006) , however, have argued that these re-alignments should not be viewed as shocks, but rather as corrective adjustments, which are not necessarily inconsistent with PPP.
This view coincides with that of Taylor (2005) regarding official intervention in the foreign exchange market, and suggests that this may be a likely cause of nonlinearity in the PPP relationship. 
Methodology, Results and Discussion
The model used throughout this analysis follows Johansen and Juselius (1992) and Wright (1994) . The specification is
where, in addition to the variables defined in Section 2, t i and * t i are the domestic and foreign short-term interest rates.
3 The real exchange rate series, { } 1 T t t q = , is constructed using (1).
Wholesale price indices are used in preference to consumer price indices as they offer a better approximation to price developments in the traded sector. The data are quarterly for the period 1975 Q1 to 2003 Q3, a total of 115 observations, and are displayed in Figs 1 and 2. These observations span several monetary regimes and crises, as described above. Wright (1994) used the shorter period from 1981 to 1992 to avoid these regime changes.
Univariate analysis
To put the long memory and random field analysis into context, standard unit root testing was conducted. The strategy of Dolado et al. (1990) , to determine whether the augmented DickeyFuller (ADF) regressions have significant constants or trends, was adopted. These results generally seem to suggest that most series are I(1).
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The issue of fractional integration was then investigated. The approach to applying the fractional ADF (FADF) test suggested by Dolado et al. (2002) , is to obtain a consistent parametric estimate of the order of integration, d, and apply the FADF test for this value. The 'over-differenced' ARFIMA model, which uses the first-differences of the observations on a variable, was estimated to avoid problems associated with drift. Two parametric estimates of d were calculated, namely, the exact maximum likelihood (EML) estimate and a nonlinear least 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60 F o r P e e r R e v i e w 8 (GPH) and the semiparametric estimate from the Gaussian method (GSP), were also calculated. Table 2 for relevant cases. The results are interesting and seem to imply that the only series that is likely to be unambiguously fractionally integrated is the Irish interest rate. While all the estimates of d for the nominal exchange rate between Ireland and the UK are less than one, the FADF test fails to reject the null hypothesis of a unit root. For all other series, the estimates of d gave conflicting values, although a unit root is suggested in the Ireland/UK real exchange rate. The FADF test only gave strong evidence of fractional integration in the case of the Ireland/Germany nominal and real exchange rates when the GPH and GSP estimates of d were used.
The correlograms shown in Figs 3 and 4 appear to support the fractionality of the Irish, German and UK interest rates, and also the Ireland/UK exchange rate; they suggest unit roots for the other series. Thus the results of the FADF test are broadly in line with conclusions that might be drawn from inspection of correlograms, but point estimates of d suggest a somewhat higher incidence of fractionality.
Cointegration analysis
Traditional cointegration analysis was then applied to model (3). Firstly, the Engle and Granger (1987) two-step procedure was used, with the lagged residuals from the levels regression serving as the error-correction term. Then the Johansen VAR approach was applied. The effect of applying the Johansen (2002) small-sample bias correction was also investigated.
By treating the variables as I(1) and applying the standard Engle-Granger (AEG) analysis, cointegration of the nominal exchange rate, price levels and interest rates is overwhelmingly rejected for both the Ireland/UK and the Ireland/Germany data. These results, shown in Table 3 , 5 Estimates were computed using the ARFIMA package for Ox; see Doornik and Ooms (1999) . are confirmed by the findings of cointegrating regression Durbin-Watson (CRDW) tests. 6 The results of trying to estimate parsimonious error-correction models, using the first lag of the residuals from the corresponding levels model as the error-correction term in each of the two cases, confirm the conclusion about the lack of cointegration. The error-correction mechanism (ECM) test also rejects cointegration in all cases.
The results from the Johansen procedure are reported in Taken together, the results so far are rather mixed and indicate that there is little evidence of cointegration in a traditional PPP setting, but that the introduction of interest rates appears to be important. Overall, as in previous studies, this attempt to place the PPP analysis of Irish data in a cointegration framework is not entirely satisfactory. We therefore turn to the results from the alternative nonlinear methodologies.
Nonlinearity tests
For the causal models, the RESET test, using quadratic as well as linear terms, and random fieldbased tests were applied. 7 Also, for an autoregressive model involving t q , the now standard smooth transition autoregression (STAR) tests for nonlinearity were used. In all tests, the null hypothesis is that the model/series is linear. For the RESET test, both the F and LR variants are given. For the STAR test, an F version is used. The Akaike information criterion suggested a lag length of three for the STAR test in the case of the Ireland/Germany exchange rate and a lag 6 For the complete results, see tables 5 to 9 in the working paper: http://www.ecb.int/pub/pdf/scpwps/ecbwp823.pdf. 7 Details of the random field-based tests can be found in Hamilton (2001) and Dahl and González-Rivera (2003) . Table 5 gives the results.
As can be seen from the upper section of The lower panel of Table 5 contains similar, though opposite findings for the real exchange rate. The RESET test, STAR tests and random field-based tests all suggest that the assumption of linearity is adequate for the Ireland/UK real exchange rate; but whereas the random field tests overwhelmingly support linearity of the Ireland/Germany rate, the STAR test based on the use of three lags gives some indications of nonlinearity and the RESET test rejects linearity very strongly. It is difficult to explain these conflicting outcomes, especially in the absence of information on the relative power of the different types of test. Given these results, the remainder of the paper concentrates on modelling the nominal exchange rate.
Random field regressions

8
Random field regressions were estimated for the nominal exchange rates using the re-
where 11 nonlinearity due to their associated variables. To carry out the estimation, the GAUSS code provided by Hamilton (2001) was adapted to apply the algorithm-switching approach to the numerical optimisation suggested by Bond et al. (2005) .
9
The results of the random field regressions are given in Table 6 . Given that the bulk of the results in Table 5 suggest that the linear equation (3) used in the earlier analysis of PPP is not an appropriate specification, these results for the nonlinear random field models are of considerable interest. In the case of both country pairings, the standard model and the augmented model exhibit nonlinearity with respect to the two price variables, the price coefficients in the nonlinear component of the models being highly significant. However, in the augmented Ireland/Germany model, the German interest rate is nonlinearly significant, while in the Ireland/UK model it is the Irish interest rate that appears to have a significantly nonlinear influence on the nominal exchange rate.
Most striking, perhaps, is the fact that when nonlinearity is modelled by means of a random field, the coefficients on the domestic and foreign prices in the specifications with and without interest rates, are not statistically significantly different from their -1 and 1 values under PPP theory. This finding contrasts with the findings in the earlier Irish studies by, for example, Thom (1989) and Wright (1994) , both of whom report cointegrating vectors, corresponding to the vector of variables t s , t p and * t p , that are markedly different from (1, -1, 1).
To infer a suitable nonlinear model, a method suggested by Bond et al. (2008) was used.
This exploits the fact that the random field regression consists of two components: a linear and a nonlinear one. In the context of PPP, these two components can be viewed as a linear long-run approximation to the PPP relation over the sample period and a nonlinear dynamic or deviation component. The procedure was applied to the Irish/German data. 10 An estimate of the linear term was plotted as the 'fitted' term along with the actual dependent variable against time. This is shown in Fig. 5 , together with the re-scaled difference between the two plots. Examining this difference or 'residual', several breaks are apparent, particularly around 1978, 1986, and 1996. To infer the form of nonlinearity that may account for these breaks, the residuals were plotted 9 Hamilton's (2001) GAUSS code is available at http://weber.ucsd.edu/~jhamilto/. 10 For this analysis, the data sample was truncated to exclude the period of fixed exchange rates under EMU. 
Multiple structural changes models
In view of these findings, break-date tests and time-varying parameter estimation, following Perron (1998, 2003), were used. 12 This multiple structural changes model approach is based on the regression 1 , 1, , , 1, , 1,
and its associated coefficient vector, β , is not subject to change,
and its associated coefficient vector, k δ , is subject to change, 0 0 T = , n is the number of break points, and all other symbols are as previously defined.
Estimation of the model includes the appropriate number of break points and their timing. Table 7 shows the results of this approach for Ireland/Germany, excluding intercepts. Even more noteworthy are the coefficients reported in Table 7 . In three out of five regimes, the coefficients for t p and * t p are not statistically significantly different from -1 and 1, the values 11 While not reported here, these plots are available from the authors on request. 12 The GAUSS code to implement these techniques is available from http://people.bu.edu/perron/code.html. for the fourth regime that the parameter estimates deviate substantially from theory, at approximately ±2. This regime is for the period 1990 Q3 to 1995 Q3. There is some limited evidence of a further break at 1993, but this was not found using the Bai and Perron approach.
13
Recall also that this period can be characterised as one of crisis for the EMS, and this may go some way to explaining this result. Nevertheless, these findings do not detract greatly from the overall results, which suggest that PPP does in fact hold for Ireland, in both the medium and long run. shown that PPP can be effectively modelled for those bilateral exchange rates by using random field regression and, in particular, multiple structural changes models.
Unit root tests found that most series could be characterised as nonstationary but the fractional augmented Dickey-Fuller test found little evidence of fractionality. Initial attempts to model the nominal exchange rate used the Engle-Granger and Johansen approaches. These illustrated the difficulties inherent in placing the study of PPP in the standard I(1)/I(0) framework, which are implicit in the very mixed results of previous Irish studies.
Nonlinearity was then tested using a range of methods. Random field-based tests strongly indicated nonlinearity of the nominal exchange rate, while STAR-based tests were much more ambiguous, frequently failing to reject linearity. However, little if any nonlinearity was found in the real exchange rate data. This, taken with the evidence of the FADF tests, suggested that modelling the real exchange rate as a long memory or nonlinear process was not warranted.
Given the findings of nonlinearity in the nominal exchange rate, random field regressions were estimated. These produced striking results: the estimated coefficients of the linear 13 The Irish currency devalued relative to the ECU in 1993. 14 A similar approach was undertaken for the UK, the results of which are available in Bond et al. (2007) .
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These results provide strong evidence for nonlinearity in the PPP relationship for these data, resulting from monetary developments. This supports the view that shocks relating to official intervention in the foreign exchange market may result in nonlinearity, but that when such shocks are modelled, the PPP relationship is linear. This certainly appears to be the case for the Ireland/Germany data, as PPP holds even in some of the short periods between structural changes. It remains to be seen whether similar findings to these apply to other currencies.
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